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1. Introduction. A model for flow in a narrow flux tube was suggested in [1] in order
to study the properties of magnetohydrodynamic plasma flows in channels. Steady-state axial-
ly-symmetric flow of a nonviscous non-heat conducting ideally conducting medium in a trans-
verse natural magnetic field is described by the equations

pvs = const; (1.1)
v wpe g HE
—§-+y“1 +ZE{T_COHSt’ (1.2)
Hlpr = const; (1.3)
plp? = const. (1.4)

Here s = 27nfr is tube cross-sectional area; r is its average radius; f is transverse dimen-
sion (Fig. 1). Equations (1.2)-(1.4) describe the change in flux parameters along the trajec-
tory r = r(z). Generally speaking Eq. (1.1) contains values of p and v averaged over the
tube cross section, although in view of the assumed smallness of f it is possible to consider
them coincident with values of p and v in trajectory r(z).

In studying flow in channels there is extensive use of a hydraulic (quasi-uniform) ap-
proximation in which all MHD-values are averaged over the cross section. A review of the
results may be found for example in [2]. An undoubted virtue of the hydraulic approximation
is the possibility of considering the effect on flow of various physical factors (dissipation
processes, an external electromagentic field, etc.). In this model channel geometry affects
flow similar to normal gas dynamics. Another situation arises in studying flow in a narrow
flux tube. One one hand this model rests on the results of equations for an ideal magnetic
hydrodynamic (Eqs. (1.2)-(1.4) are precise conservation rules which are fulfilled along the
trajectory). Therefore, if it is very difficult for example to consider dissipation factors.
Equations are given in [3] for a plasma with finite conductivity, but with the stringent
assumptions that the trajectory coincides with equipotentials (with finite conductivity that
is automatically fulfilled). On the other hand, in Egqs. (1.1)-(1.4) there are precise MHD-
values in which the trajectory is of arbitrary shape. This makes it possible within the
scope of a model for flow in a narrow tube to consider essentially two-dimensional effects.
It is shown in [4] that with certain assumptions about the shape of narrow tubes it is
possible to obtain conditions for absence in a channel of electric current eddies expressed
in the form of limitations on local flow parameters.

From a mathematical point of view the 'quasi-two-dimensionality' of the flow model in a
narrow tube is due to the fact that all the values in Eqs. (1.1)-(1.4) are considered at
points of two-dimensional space with coordinates (z, r(z)). From a physical viewpoint this
model considers an important situation which in principle it is not possible to consider with
averaging over the cross section: along a trajectory of arbitrary shape there is a change
not only in the intensity of the magnetic field, but also in the length of its force lines.
In other words, in equations of motion there is consideration not only of the magnetic pres-

sure gradient, but also of the term «(Hy)H, which means that the field performs work in shorten-
ing its force lines [1].

As a well-known example we consider the question of a change-over in terms of signal
velocity. By differentiating Egqs. (1.1)-(1.4) and excluding dp, dp, dH, we obtain [1]

d d d (f/
(Pm2) Lt a2t (1.5)
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Fig. 1.

(cg = Yp/p,éc; = H2/(4mp), c; = c; + c;). In bent tubes (r # const) a change-over in terms
of local signal velocity occurs with cg >> c; (gas dynamic flow) at the point of a minimum for
function fr (cross-sectional area), and with cg << c; (flow in a strong magnetic field) at a

point of the minimum of function f/r. In a tube with r = const or in the case of plane flow
(which formally corresponds to r -+ =) the nature of flow is determined by the behavior of f,
i.e., in fact the cross-sectional area, and presence of a magnetic field does not affect the
position of the point of a change-over in terms of signal velocity.

Features are considered in the present work for flow of a plasma in a narrow flux tube
which arises as a result of curvature of its central line. 1In addition, the question is
studied of existence of steady-state flow in narrow tubes.

2. Features of Flow in Bent Tubes. We rewrite (1.5) in the form

M2 — ) 22 = &L 2—=%er (z.1)

Here M = v/cp is magnetic Mach number; a = yR/2; B = 8mp/H2. According to Egs. (1.1)-(1.4)
each MHD-value may be expressed in terms of functions r(z), f(z), and constants of equations
which are combinations of input values pg, v, Hy, Pos Ty, fo. The same is also correct for
function B(z). Consequently, the position of the critical cross section (in which a change-
over is possible in terms of signal velocity) in the general case is determined not only by
tube geometry (functions r(z) and f(z)), but also by flux input parameters. this assertion
may be illustrated by the following example. Since from (1.3) and (1.4) it follows that

Po?-7r? = const, (2.2)

then with y = 28 = Bo(r,/r)? it is possible to write the right-hand part of (2.1) in the
form of a total differential. Finally we find that with y = 2 a change-over in terms of
signal velocity occurs in section z,, where

11/(r* + Bors) = min. (2.3)

It is evident that (2.3) determines the implicit dependence z,(B,). Here and subsequently
indices 0 and * denote values which relate to the initial and critical cross sections, respec-
tively. However, if functions r(z) and f(z) are such that fr and f/r behave in the same way
and have a minimum at the same point z°, then according to (1.5) z, agrees with z° and it
does not depend on B,.

In gas-dynamic flow the directions for the change in density and velocity in a narrow

tube are different. In MHD-flow they may coincide. In fact, by differentiating Eqs. (1.1)-
(1.4) and excluding dp, dv, dH, we have the relationship

2 @_—_: 2 —_ 2)&.... 2_‘2
(M2 — 1) 28 (H—.a M) & e (2.4)

which we shall consider together with (2.1). It can be seen that in normal gas dynamics

(o > ») always dpdv < 0. This is also fulfilled for MHD-flow in a tube with r = const. In
a tube with r # const a situation is possible when dpdv > 0. Accelerating regimes with den-
sification are observed in calculations for steady-state two-dimensional plasma flows in
channels [5]. In [1] such regimes are called anomalous. We clarify conditions for realiz-
ing them.
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Multiplying (2.1) and (2.4) we find that

dpdv dr f ﬂ*i—aﬂ]
(MF—1)? [(1+°6_M2)——M2f”f Farl

Consequently in an anomalous regime there is simultaneous fulfillment of the inequalities

2 dr df df  4—eodr
(1+a ) el o, LT >0, (2.5)
or
2 2) dr 9 df af 1—a dr R
(H- M —M + <0 T T iFa <V (2.6)

The condition for‘compatibility of (2.5) is:

= <( )ﬁi*i)%-
or
(M2 — 1)dr < 0. (2.7)
Similarly the compatibility condition for (2.6) is:
(M? — 1)dr > 0. (2.8)

Taking account of (2.5)-(2.8) it is possible to write conditions for the anomalous behavior
of density:

a) in an acceleration regime (dv > 0) dr . < 0,

1—adr daf 2/M? dr
(i (M2~1)7<(Mz—1)(m—1)—r—,

b) in a retardation regime (dv < 0), dr > 0.

2/M dr ; df o dr
o — [ — 1) L <or—n 2 <or—niz2 L

Thus, independent of the nature of flow, i.e., sub-signal (M < 1) or super-signal (M > 1},
ancmalous acceleration is only possible in ascending trajectories (dr > 0).

In normal hydrodynamics acceleration or retardation is clearly defined by the direction
of the change in thermal Mach number Maxa Mg = v/cg. In MHD-flow the direction of increase
in M, Mg, and parameter M,, inverse to Alfven number (M, = v/c,), along the trajectory may

not coincide with the direction of an increase in velocity. In fact, from (1.1)-(1.4) there
follow the relationships

aM_ M i+(y—1)a ]df

e ) L (2.9)

MEt—(y—1a , 1—a (V"‘Z)a]dr_

“[T 1Ta  Titet (fa)
(M2 =(1+1;2‘_1M2)_‘?fi_(2’_r{___z‘6_\’_'2‘_1M2)%; (2.10)
dM,  [m? af M? | 122\ dr (2.11)

2 __ PR e — ] = =

S 1)Ma_(2 'H)T (2 +1+a.) e

Without giving the calculations similar to those previously we write conditions for anomalous
(in the sense indicated) behavior of M, Mg, M:

a) in an acceleration regime (dv > 0) dM < 0 with (y — 2)dr < 0 and

(Mz—i)%——_'i%%<(M2—1)ﬁ

2y _ 1+ y—2a—d
<(M2——1)M M=y — o]+ 2 i ar
Mt (p—tal+2(1+ o) r
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dM, < 0 vith dr < 0 and

y—o v~1M
l—-a dr Th a2 dr
o< <or-p B

1—1—
dM, < 0 with dr >0 and

‘ M 1— 20
1—a dr ? af 1+ a dr,
(M _1)1+ocT<(MZ“‘1)7<(M2—‘DW—;,

b) in a retardation regimé (dv < 0) dM > 0 with (y — 2)dr > 0 and
M2 — (v — 1) 6 Yy—2a—a
M2 (1 — (¥ 1)¢]+2_i________1+a &
ML+ (v —1) «] ;T
df 1—adr
<-4 <pe—ni=ie,
dM; >0 with dr <<0 and
y—o y—1 ..

(M? — 1) <

M
. 1Fa ~ 2 ar s ___ gy 9 3 pl—a dr
(M? — 1)-——————~—-1TY;1 I <(M?—1) 7 <(M?— 1)1—l—06 -
dM, > 0 withdr < ( and
e ol 2
2 t4+a dr o ’ 1—a dr
M 1)——fM?1:;~— - < (M? 1)f <i(M%__1)T¥:;—ru

It is noted that with y = 2 always dMdv > 0.

Thus, with y < 2 in ascending trajectories acceleration clearly specifies an increase
in Mg, and retardation a reduction inM and My. In descending trajectories acceleration clearly
specifies an increase in M and My, and retardation specifies a reduction in Mg.

Finally we consider a narrow tube with a constant transverse size f = const. From (2.1)
we obtain

v oa+1 r° (2.12)

The sign of acceleration at each point is determined by the nature of flow (sub-signal or
super-signal), by the direction of the increase in function r(z), and by the value of B at
this point. A change-over of function R(z) through 2/y with a uniform change in r(z) is
accompanied by a change in the sign of acceleration, i.e., appearance of a local extremum in
velocity. From (2.9) we obtain

A M-y —Na , 14 (1—2a—d® | ar
(M2 1)M__ [2 e + Cr }—r—. (2.13)

From (2.2) taking account of (2.4) we find that

R v (2.14)

From expressions (2.12)-(2.14) it is possible to determine the direction of increase in v,
M, and B at any point in relation to their values at this point and the direction for the
change in function r(z). Results of studies for 3/2 < y < 2 are presented graphically in
Figs. 2 and 3 with dr > 0 and dr < 0, respectively, and lines I and II correspond to

- v —2)a+1—al g 2 v—1
Sl ey v S B €

Arrows indicate the direction of change in M2 and a (i.e., B). In Fig. 2 in a square
bounded by straight lines M = 0 and 1, o« = 0 and 1, we have dM > 0, dp < 0, etc.

For definiteness we consider a tube with d?r/dz? < 0 at whose inlet the flow is sub-
signal. With o, < 1 it accelerates, and at the point of a maximum for function r(z) a
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Fig. 2 Fig. 3

change-over is possible in terms of signal velocity. If a change-over occurs, then the flow
continues to accelerate, but starting from some point o increases and with o = 1 the velocity
reaches a maximum. With a, > 1 the sub-signal flow is retarded. As can be seen from Figs.

2 and 3 depending on initial values of M; and a, such flow regimes are possible in which M
increases in a retarding flow, and at the point of a maximum of function r(z) a changeover is
possible through M = 1. Other flow regimes are also considered in a similar way on the basis

of Figs. 2 and 3.

3. Existence of Steady-State Flows. In normal gas dynamics conditions for existence of
steady-state flow in a quasi-uniform channel (Laval nozzle) are expressed by limitations on
initial parameter Mg,:

0< Mo <KMagy My >ME, Mg <t <M,

M;o and Mgo are determined by the condition for a change-over in terms of sound velocity cg
in a critical (minimum) cross section. As shown above, in magnetohydrodynamics for a narrow
tube of arbitrary shape the position of the critical cross section is previously unknown,
and therefore the question of existence of steady-state flow should be considered separately.

We rewrite the set of equations (1.1)-(1.4) in dimensionless form taking input values as
measurement units for the corresponding values pgy, cpos> Hos» DPos Sgs Lo

plo_ % L H' 4 My Adar—0) (3.1)
B R R 7R -t M Ry prura
Hlor =1, p/pv = 1.

<
%,

pvs = M,

Here s = fr; a, = vyRo/2. With this selection of units flow in a tube with prescribed geom-
etry 1is determined by dimensionless parameters M; and RB,. We find with what values of these
parameters a solution of system (3.1) exists in each tube cross section (i.e., steady-state
flow exists described by Egs. (3.1)).
Excluding v, H, p from (3.1) we obtain an equation for density:
o M2 . o (3.2)
pirt  prei 0 ~{7°<1+aa>+,,ii

M2
+1]pz+2—;;<1+ao)=o.

Since all of the rest of the MHD-values are clearly expressed in terms of p it is necessary
to clarify conditions for existence of roots for Eq. (3.2).

We consider the left-hand part of (3.2) as a function of F(p) with fixed r, s, Mg, @g-
It is easy to be sure that F(p) has a minimum with p = py¢ and the value of py is determined
from the equation

o

Y_“1+1)- . (3.3)

30mr® + aoiiipﬁlz Mi(1 + o) + 2(

With any value of r, M;, o, this equation has a single positive root. For existence of roots
of Eq. (3.2) it is necessary and sufficient that the following condition is fulfilled

Flpm) < 0. (3.4)
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If F(pp) is a negative value, then Eq. (3.2) has the roots p_ and p4: p- < py < py, and
F'(p-) < 0, F'(p4) > 0. By using an expression for M in dimensionless values
(14 o) MG

M2 =
pzsz (aopv——l_}_ prZ) ’

we present (3.2) in the form
e e + % ) 4 Lo ) =

whence it follows that py corresponds to sub-signal flow, and p- corresponds to super-signal
flow. Thus, solving Eq. (3.2) at each point z we obtain two functions: p4(z) and p_(z). At

point z,, where F(pm) = 0 and M = 1, their values coincide. Evidently the behavior of den-

sity in the tube with z < z, is clearly described by one of these functions, the choice of
which determines M . With z > z, both solutions have a physical meaning. One of them des-
cribes trans-signal flow, and the other regime in which there is no change-over in terms
of signal velocity.

We clarify the meaning of condition (3.4). We express MZ from (3.3) and we place it in
F(pp). Condition (3.4) is equivalent to

Dlpm) = 0, (3.5)
y—1 _
D (o) = 3 o ot — 2 p — g, LA LT o LE IO
§
Function &(x) has a minimum point x = 1/s. Condition (3.5) is fulfilled for any py if
¢(1/s) > 0 or
r2 %, 1 &,
T+Y—1s\"‘1<1+v————l’
If this equality is not fulfilled, i.e.
r? %y 1 o,
T =t T (3.6)

then (3.5) satisfies the values of p from the ranges
0<Pm < Pmr P == O
where L and p$ are roots of the equation ¢(pm) = 0, and for them there is fulfillment of
b < < O (3.7)

Evidently py > pf makes sense where p; is found from (3.3) with M, = O:

p’n‘lrz’l'"—‘E‘g(pm).y 1——1+
Taking account of (3.6) we obtain

3 7 %y v+1 o

TE Ty > 1 + 5

and consequently p& < 1/s. Since @(p&) > 0, it is possible to be certain immediately that

p& < Poe Thus, acceptable values of pp are contained in the ranges P < Pm < Pm» Pm > px.
Taking account of (3.3) this means that with prescribed B, acceptable values of M, are
contained in the ranges 0 < M, < M:, My > Mt (Mz.and MY are obtained with substitution in
~ +
(3.3) of P and pm).
By carrying out similar consideration in each tube cross section® we obtain functions

%With r = const according to (3.3) pp, and consequently M and MT, are identical in all cross
sections. In order to find limiting values of M, it is sufficient to solve the equation
®(pp) = 0 in a known critical cross section syjip.
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M;(z) and M}. Apparently if M, is selected from the ranges

0 < Mo < Mr_r;im Mo 2 M;ax
(M;in =min My (2) = My (z—), Mihax = max M (z) = M7 (z+)),

then a solution for Eq. (3.2) exists in any cross section. If M, exactly equals one of the
. . . — . . - -+

limiting values Mmin or Mgax’ then correspondingly at points ?_ or z4; values of P OF Pp

satisfy Eq. (3.2). This means that M(z-) = 1 or M(z;4) = 1. It is noted that the position

of the point of change-over in terms of signal velocity appear to be connected with the
complete collection of input values of dimensional MHD-values: pg4, pos, Vgs Hg-

Thus, in a tube with prescribed geometry and fixed input parameter B; there is no
steady-state flow regime in which M, takes a value of some open range depending on B, and
geometry. It is possible to show that for a narrow tube in which functions fr and f/r have
minima at the same point this range contains M, = 1. In fact, according to (1.5) in such a
tube a sub-signal flow at the inlet accelerates and super-signal flow slows down. By
placing M . and M;ax in the first equations of set (3.1) and using (3.7) we obtain

~ +
v->Mpin, v4 <Mpay.

Here v_ and vy are velocities in the critical cross section relating to values of density
By, Since the input Mach number is a dimensionless value of inlet velocity, then these in-
equalities imply By. Finally, we mention special cases when equations which determine
limiting values of Mach number may be written explicitly. From expressions (2.9)-(2.11) we
have (see also for example [6]) with B »1

— (v+0/(y—-1) — (v+1)/(v—1)
(1+2542) (1+251we,)
= o 82’

Mg M

with P i
M2 L 233 M2 2)8
e
Ma M¢2zo

with y =2

(M2 2)* _ (MGH2)°[(1+8)¢ T
M2 M2 S

We recall that measurement units for values f, r, and s are their input values. In these
special cases the position of the critical cross section is known, and therefore equations
for limiting input values Mg,, My, My have the form

1 y+0/(v—1)
e

(v+1/(y—1
=(Y+1)v+ T »i-, S = mins; (3.8)
MEO 2 S%‘ z
M2} 2)3
(Mo +2f 21 he gy Ly (3.9)
Mgo {(Fe/Ts) s z r
3
Mg s¢ (B + 1) )

In the last equation r, and s, satisfy (2.3). We can be sure that each of these equations
has two roots bounding the ranges of impermissible values of Mg,, M3,, My, and the ranges
contain unity. If the input parameters take their limiting values, then velocity in the
critical cross section reaches values of the local signal velocity. Therefore, equalities
(3.8)-(3.10) are necessary conditions for a tramns-signal change-over in each of the particu-
lar cases considered.

In conclusion it is noted that input parameter M, may be expressed in terms of 'integral’
(for the given narrow tube) characteristic of flow: plasma mass flow rate m = p,vys,, total
current occurring in the tube I = Hycr,/2, and the difference in potential between trajectories
bounding the tube U = Hovof,/c. By using these values we find that
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42 -
[} mU

M2=—
C A P(118,2)

(3.11)

Thus, with fixed B, the condition for trans-signal change-over determining M, in relation

to B, and tube geometry is a condition for combination of integral values Q = mU/I3. 1In
particular we consider the case of y = 2. According to (3.10) with r = const the dependence
of limiting value M, on B, disappears, and the limiting value of Qn is a linear function of
Bo. If a change in r cannot be ignored, then with f, << 1 from (3.10) we obtain approximate

equations
s 8 [s+(1+By)]? B, + rk
M"—W[;‘iwo M=V Ty

the first of which relates to sub-signal flow at the inlet, and the second the super-signal
flow. By substituting them in (3.11) we find correspondingly

RUp_ SRS o 2V313 8+
27ctrd (r*-i—ﬁo)z’ = 4(2) S

Om =

Here s, and r, are as before dimensionless values. Let them be independent of B,. Then
Q;(Bo) is a linear function; Q;(BO) is an increasing function if ri > 2/3, and it has a mini-
mum with By = 2/3 — r2, if ri < 2/3.

The author thanks K. V. Brushlinskii for reading the manuscript and making many useful
comments.
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